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Torque Coordination Control During
Mode Transition for a Series–Parallel

Hybrid Electric Vehicle
Li Chen, Gang Xi, and Jing Sun, Fellow, IEEE

Abstract—Mode transitions are significant events in the oper-
ation of series–parallel hybrid electric vehicles (SPHEVs) with
a clutch serving as the key enabling actuator element. Due to
the friction-induced discontinuity of the clutch torque, seamless
transition is difficult to achieve. In this paper, a model reference
control (MRC) law is proposed to coordinate the motor torque,
engine torque, and clutch torque to manage transitions. The con-
trol system is overactuated in the sense that three inputs (i.e., three
torques) can be manipulated to control the two outputs (angular
speeds of the two sides of the clutch). The effects of using differ-
ent input combinations are analyzed to exploit the overactuation
feature of the system, and performance sensitivities to various de-
sign factors are studied. The simulation and experimental results
from an SPHEV bus demonstrate that the MRC achieves reduced
torque interruption, less vehicle jerk, and smaller frictional losses,
compared to the conventional operation method.

Index Terms—Clutch engagement, hybrid electric vehicle
(HEV), mode transition, model reference control (MRC).

NOMENCLATURE

A Friction area of each friction face.
AV Vehicle frontal area.
cD Aerodynamic drag coefficient.
d1, d2 External disturbances.
e1, e2 Output error.
f Tire rolling resistance coefficient.
g Gravitational acceleration constant.
i0 Final drive ratio.
i1 First gear ratio.
Itm Gear ratio from the traction motor to Shaft B.
J1 Total moment of inertia of Shaft A.
J2 Total moment of inertia of Shaft B.
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Jcltch Moment of inertia of the clutch frictional
plates.

Jeng Moment of inertia of the engine.
Jfnl_gear Moment of inertia of the final gear.
Jfst_gear Moment of inertia of the first gear.
Jisg Moment of inertia of the integrated starter and

generator.
Jtm Moment of inertia of the traction motor.
kij(i = 1, 2, 3) Feedback gains.

(j = 1, 2)
m Vehicle mass.
N Number of friction faces.
Pc Normal pressure on the clutch plate.
Pc_max Maximum normal pressure.
r Command input.
ri(i = 1, 2, 3) Decomposed reference inputs.
R Tire radius.
Rc Equivalent acting radius of the friction torque

on the clutch plate.
Tc Clutch torque.
Te Engine torque.
Tf Resistant torque due to friction and air com-

pression of the engine.
Ttm Traction motor torque.
T tm Equivalent traction motor torque with respect

to Shaft B.
Tr Vehicle load torque.
T r Equivalent vehicle load torque with respect to

Shaft B.
Tcmd Desired traction torque.
T tm_cmd Equivalent desired traction torque with re-

spect to Shaft B.
ui (i = 1, 2, 3) Control inputs.
v Vehicle speed.
vrel Relative wind velocity in vehicle running di-

rection.
vair Head wind speed.
xp1, xp2 State variables of the plant.
xm State variables of the reference model.
yp1, yp2 Outputs of the plant.
ym Output of the reference model.
α Road inclination angle.
μS Slipping friction coefficient of the clutch.
μl Static friction coefficient of the clutch.
ρair Air density.
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ω1 Angular speed of Shaft A.
ω2 Angular speed of Shaft B.
ωtm Traction motor speed.
ωm Desired speed of the reference model.

I. INTRODUCTION

S ERIES–PARALLEL hybrid electric vehicles (SPHEVs,
which are also referred to as split-power or complex-

hybrid) have multiple power paths and can be configured to run
in both series and parallel modes [1]. By leveraging the special
features of both modes, SPHEVs have the potential to improve
fuel economies and significantly reduce carbon emissions [2],
[3]. To make full use of the SPHEV powertrain topology,
frequent transitions between different modes are necessary to
optimize vehicle operation [4]–[6]. Some of these transitions,
if improperly managed, might negatively impact noise vibra-
tion and harshness performance, resulting in negative customer
perception on drivability performance. Therefore, handling the
transitions to achieve seamless mode switching is a critical
control task for SPHEV development.

Various hardware mechanisms have been proposed for inte-
grating series and parallel power flows for SPHEVs, includ-
ing planetary gears [7]–[9], continuous variable transmissions
[10], and switchable powertrains using clutches [6], [11], [12].
Among these available technologies, clutches are excellent
choices as SPHEV power-switching device due to their high
efficiency and compact size, and the maturity of the technology
[2], [11].

A clutch transfers the power source from one driving device
to another for the hybrid electric vehicle (HEV) powertrain
using friction torques. At any given time, the clutch can be in
one of three phases of the engagement process: 1) open; 2) slip-
ping; and 3) locked. The open phase of a clutch is trivial—
the two sides are not connected. The clutch is in the slipping
phase when the two sides are in contact, but their angular
speeds are not synchronized yet. In the slipping phase, the
angular speeds of the two sides are different, i.e., there are
two degrees of freedom (DoFs) in the powertrain rotational
dynamics. Moreover, the dynamics of the two DoFs are driven
by three input torques from the motor, engine, and clutch, re-
spectively. Therefore, the number of control inputs is one more
than the number of control DoFs, making the clutch-coupled
powertrain in the slipping phase an overactuated system. To
reach the desired angular speeds of the two sides, multiple
theoretical solutions exist using different combinations of the
inputs. Developing a systematic method for selecting a proper
combination of the inputs for this overactuated system under
various operating constraints and formulating the criterion to
coordinate these inputs are two of the primary interests pursued
in this paper.

One special challenge in managing mode transition for the
clutch-enabled SPHEV is the switch from the slipping phase
to the locked phase (slip-stick transition), as the clutch friction
torque introduces nonlinear dynamics to the powertrain and
makes the clutch operation very complicated. While the fric-
tion torque in the slipping phase is proportional to the clutch
pressure, which can be controlled by its actuator, the friction

torque in the locked phase can assume any value, up to an
upper limit determined by the clutch pressure [13]. Thus, if the
slipping process is not carefully controlled, the friction torque
may become discontinuous and abruptly change when the slip-
stick transition takes place. This discontinuity may result in
an intensive vehicle jerk and lead to unfavorable customer
drivability perception.

To address this problem, model predictive control approaches
have been applied to regulate the torques of the motor and the
clutch [14]. A subdomain controller based on state space parti-
tions was proposed for a class of switchable hybrid dynamical
systems, and a control method with control inputs composed
of a feedforward linearizing component and a linear feedback
component was developed for engine start–stop switching op-
eration [4]. In this work, the clutch pressure was not considered
as a control variable and was treated as a known disturbance.
However, this approach has its limits when dealing with non-
linearities associated with the clutch engagement dynamics. A
control sequence and two clutch slipping control methods using
the slipping speed were introduced for mode transition in [5].
Fast disengaging and engaging strategies were used to deliver
continuous power for transmission-actuated HEVs [15], [16].
As the whole, existing solutions found in literature are based on
heuristic techniques and do not emphasize the modeling aspect
or explicitly include the clutch model in their control designs.
A model-based approach would provide a systematic design
framework, reveal more operational insights, and may have the
potential to achieve better results, thereby motivating the work
reported in this paper.

This paper proposes a model reference control (MRC) to
achieve smooth transitions with reduced driveline interruption
and frictional losses for SPHEVs equipped with a clutch. A
typical transition from motor-only mode to compound driving
mode is analyzed in depth to gain insight into the vehicle dy-
namics. Given that the longitudinal dynamics of the vehicle are
controlled by the traction motor torque solely in the motor-only
driving mode but by the traction motor torque and engine torque
in the compound driving mode, one key function of the mode
transition is to infuse the engine torque into the powertrain by a
controlled clutch torque during the transition phase. For a seam-
less mode transition where no disturbance is introduced to the
vehicle dynamics, the vehicle is expected to run as if it were still
in the motor-only driving mode. This desired feature can be re-
fined into the following control design objective: to coordinate
the motor, engine, and clutch torques, so that the vehicle tracks
the vehicle dynamics in the motor-only driving mode. This
objective naturally renders the MRC as the design framework,
for which the desired performance is expressed by a reference
model that will be mimicked by the plant through feed-forward
and feedback control, as shown in Fig. 1 [17]. Hence, the target
output of the plant is the transient output of the reference model,
instead of a constant or predefined value, which is impractical
for a running vehicle. The MRC solutions have been well estab-
lished for many nonlinear problems, such as the shunt active-
power-filter system [18], the piezopositioning system [19], and
the three-phase three-level boost rectifier [20]. Nevertheless,
relevant literatures on overactuated systems with discontinuous
problems have not been found, to the best of our knowledge.
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Fig. 1. MRC architecture.

Fig. 2. Two of the operating modes of an SPHEV.

Under the MRC architecture, a reference model is built to
capture the desired powertrain dynamics of the motor-only
driving mode. An output feedback MRC algorithm is proposed,
the conditions for closed-loop system stability are derived,
and the methods for selecting input combinations and con-
troller parameters are discussed. The MRC method is applied
to an SPHEV bus. The simulation and experimental results
presented establish the effectiveness of MRC and are compared
to outcomes for a control system developed by a conventional
method.

II. SYSTEM DESCRIPTION AND PROBLEM FORMULATION

Consider a posttransmission SPHEV shown in Fig. 2, in
which an integrated starter and generator and a traction motor
are added to the powertrain. Two of the common operating
modes are shown: motor-only and compound driving. In the
motor-only driving mode, the clutch is open, and the traction
motor drives the vehicle using solely electric energy from the
battery. In the compound driving mode, the clutch is locked, and
the traction motor drives the vehicle, together with the engine.
When the traction motor torque decreases to zero, the SPHEV
enters into engine-only driving mode. Therefore, the mode
transition from motor only to compound driving is also a critical
and necessary process for the power source transition from
motor-only to engine-only driving.

With proper energy management strategy, it has been esti-
mated that this SPHEV with an engine of 110 kW (maximum),

a traction motor of 40 kW (continuous), and an integrated
starter and generator of 20 kW (continuous) can reduce the-
oretical fuel consumption by up to 30% in Chinese transit
buses [12]. However, experiments have shown that the mode
transition from motor only to compound driving may cause
disturbances to the output torque, leading to jerky motions
and excessive wear to the clutch friction plates. The mode
shifting has been a concern in hybrid vehicles with similar
configurations [21].

The mode transition from motor only to compound driving
can be carried out in two steps. In the first step, the engine
speed is increased, and the clutch is slipping and then locked;
in the second step, the clutch is locked, the motor torque is
reduced, and the engine torque is gradually increased. In the
first step, the vehicle longitudinal dynamics are sensitive to the
clutch torque profile during the clutch-slipping phase. However,
in the second step, the clutch torque no longer affects the
vehicle dynamics once the clutch is locked. Thus, the torque
coordination problem is more challenging for the first step,
which is the focus of this paper.

Although many researchers have studied dynamics and con-
trol during clutch engagement for conventional vehicles [22],
[23], their strategies and conclusions are not directly applicable
for the problem at hand, given the differences between SPHEVs
and conventional vehicles. For SPHEVs, one more external
torque, i.e., the motor torque, is applied to the powertrain,
together with the engine torque. Accordingly, their control
objectives are different. For conventional vehicles with the
engine as the only power source, the primary objective during
the clutch engagement is to quickly and smoothly connect the
engine to the vehicle. However, for SPHEVs, the engine and
the traction motor are two alternative power sources, and thus,
the objective is to smoothly engage the clutch without causing
torque interruption, regardless of which source is powering the
vehicle.

III. SPHEV DYNAMIC MODEL

To facilitate the model-based design proposed in this paper,
a control-oriented SPHEV model capturing the mode transition
dynamics is first developed and presented. The vehicle driv-
eline during an SPHEV mode transition can be viewed as a
multibody system. To simplify the analysis, the damping and
compliance of the clutch are ignored, and all parts of the clutch
are assumed to be lumped inertias [22]. The driveline dynamic
model is shown in Fig. 3(a), and its equivalent simplified model
is built in Fig. 3(b). One side of the clutch is connected to
the engine by Shaft A, and the other side is connected to the
gearbox, traction motor, and vehicle body by Shaft B.

The dynamic equations in the mode transition of the SPHEV
driveline can be written as

J1ω̇1(t) =Te(t)− Tf (t)− Tc(t) (1)

J2ω̇2(t) =T tm(t) + Tc(t)− T r(t). (2)

Equations (1) and (2) represent the dynamics of Shaft A and
Shaft B, respectively.
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Fig. 3. Dynamic model of the SPHEV driveline. (a) Driveline model.
(b) Equivalent model.

A. Kinematic Deduction

The calculation of Tr is typically a composition of the
rolling, gravity, and wind resistance. The relevant terms are
expressed as [24]

Fair = 0.5 · cD ·AV · ρair · v2rel
= 0.5 · cD ·AV · ρair · (vair + v)2 (3)

Fg =m · g · sinα (4)

Fr =m · g · cosα · f (5)

Tr =(Fair + Fg + Fr) ·R. (6)

The calculations of J1, J2T tm, and T r are given by

J1 = Jeng + Jisg (7)

J2 =
mR2

i20i
2
1

+
Jtm
i21

i2tm + Jcltch

+ Jfst_gear +
Jfnl_gear

i21
(8)

T tm =
Ttm · itm

i1
(9)

T r =
Tr

i1 · i0
. (10)

The calculations of v and ωtm from ω2 are given by the
following equations:

ωtm =ω2 ·
itm
i0

(11)

v =ω2 ·
R

i0 · i1
. (12)

B. Clutch Model

Let c represent the contact status of the two sides of the
clutch, i.e., c = 1 when the two sides are in contact with each
other and c = 0 when the two sides are separated. When c = 1,
the Coulomb friction model, which is calculated using a signum
function sign(·), is applied to Tc, i.e.,

when c = 1 and ω1(t) �= ω2(t) :

Tc(t) = μs · Pc(t) ·Rc ·N ·A · sign (ω1(t)− ω2(t)) (13)

when c = 1 and ω1(t) = ω2(t) :

Tc(t) = [−μl · Pc(t) ·Rc ·N ·A μl · Pc(t) ·Rc ·N ·A].
(14)

For the locked phase, the range of Tc is given by (14), but the
value is not given. The calculation of Tc in this case is derived
from (1) and (2) for ω1(t)− ω2(t) = 0 as

when c = 1 and ω1(t) = ω2(t) :

Tc(t) =
J2

J1 + J2
Te(t)−

J1
J1 + J2

T tm(t)

− J2
J1 + J2

Tf (t) +
J1

J1 + J2
T r(t)

subject to :

Tc(t) ∈ [−μl · Pc ·Rc ·N ·A μl · Pc ·Rc ·N ·A]. (15)

For the open phase, no torque is transferred through the clutch,
which means

when c = 0 : Tc(t) = 0. (16)

C. Reference Model

The vehicle dynamics of the motor-only driving mode are
considered as the reference model. In this mode, the vehicle
is powered by a desired traction torque Tcmd acting on the
same shaft of the traction motor. The equivalent torque act-
ing on Shaft B, which is denoted by T tm_cmd, is calculated
from Tcmd as

T tm_cmd =
Tcmd · itm

i1
. (17)

The clutch is assumed to be locked in the reference model as
the clutch is indeed locked when the engagement is completed.
Therefore, the desired angular speeds of Shaft A and Shaft B
are identical, and consequently, the dynamic equation for the
reference model is

(J1 + J2)ω̇m(t) = T tm_cmd(t)− Tf (t)− T r(t). (18)

IV. MODEL REFERENCE CONTROLLER DESIGN

To proceed with the control design using MRC, we first
streamline the notations and introduce the following state



2940 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 61, NO. 7, SEPTEMBER 2012

Fig. 4. Proposed MRC scheme.

variables:

xp1(t) = ω1(t) xp2(t) = ω2(t). (19)

The inputs and outputs of the plant are denoted as

u1(t) =Te u2(t) = T tm u3(t) = Tc (20)

yp1(t) =xp1(t) yp2(t) = xp2(t). (21)

From (13)–(16), the normal pressure Pc is calculated from
Tc as

when c = 1 and ω1(t) �= ω2(t) :

Pc(t) = abs (Tc(t)) /(μs ·Rc ·N ·A) (22)

when c = 1 and ω1(t) = ω2(t) :

Pc(t) = Pc_max (23)

when c = 0 :

Pc(t) = 0. (24)

External disturbances T r(t) and Tf (t) usually cannot be
directly measured. However, we use estimated values for the
controller derivation. The calculation of T r(t) is given by (10),
and Tf (t) is estimated as a constant (whose estimation error and
its effects are considered in Section V-B3). Here, the estimated
values of T r(t) and Tf (t) are denoted by

d1(t) = − Tf (t) (25)

d2(t) = − T r(t). (26)

The state equations are then obtained by using the dynamic
equations (1) and (2) as follows:

J1ẋp1(t) =u1(t)− u3(t) + d1(t) (27)

J2ẋp2(t) =u2(t) + u3(t) + d2(t). (28)

For the reference model, a dynamic equation can also be
derived from (17) by assuming the state variable xm(t) =
ωm(t) and the input um(t) = T tm_cmd(t)

(J1 + J2)ẋm(t) = um(t) + d1(t) + d2(t) (29)

with the output of the reference model being

ym(t) = xm(t). (30)

The error vector between the reference model and the plant
is defined as

e(t) =

(
e1(t)
e2(t)

)
=

(
yp1(t)− ym(t)
yp2(t)− ym(t)

)
. (31)

The control goal is to achieve e(t) = 0. An output feedback
control is proposed as in Fig. 4, where the thin lines represent
scalar signals and the thick lines represent vector signals. r(t)
is a command input to the control system, which represents
the desired traction torque T tm_cmd of the vehicle. R is a
feed-forward regulator, which generates the reference inputs
r1(t), r2(t), and r3(t). K represents the gain for the feedback
regulator. e1(t) and e2(t) are two outputs of interest from the
closed-loop system.

The proposed output feedback control algorithms are given
as follows:

u1(t) = r1(t) + k11e1(t) + k12e2(t) (32)

u2(t) = r2(t) + k21e1(t) + k22e2(t) (33)

u3(t) = r3(t) + k31e1(t) + k32e2(t) (34)

where the feedback gains kij(i = 1, 2, 3 j = 1, 2) will be se-
lected to meet the control objectives. The input to the reference
model is

um(t) = r(t) = T tm_cmd(t). (35)

A. Error Equations and Stability Conditions

The choice of the feedback gain in (28)–(30) is subject
to many constraints including the stability conditions. In the
sequel, we first derive the stability conditions; then, we consider
other design specifications that will impose further constraints
on the selection. From (31), the time derivative of the error
vector is written as(

ė1(t)
ė2(t)

)
=

(
ẏp1(t)− ẏm(t)
ẏp2(t)− ẏm(t)

)
=

(
ẋp1(t)− ẋm(t)
ẋp2(t)− ẋm(t)

)
. (36)

To derive the error dynamics, we use (27)–(29) and (32)–(34)
that yield (37), shown at the bottom of the next page, where

A =

( k11−k31

J1

k21−k32

J1
k21+k31

J2

k22+k32

J2

)
(38)
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B (r(t), r1(t), r2(t), r3(t), d1(t), d2(t))

=

( −1
J1+J2

1
J1

0 −1
J1

− 1
J1+J2

0 1
J2

1
J2

)⎛
⎜⎝

r(t)
r1(t)
r2(t)
r3(t)

⎞
⎟⎠

+

(
J2

J1·(J1+J2)
− 1

J1+J2

− 1
J1+J2

J1

J1·(J1+J2)

)(
d1(t)
d2(t)

)
. (39)

To achieve asymptotic stability, every eigenvalue of A should
have a strictly negative real part, according to Lyapunov sta-
bility theory [25]. In terms of the feedback control gains, the
stability conditions for the second-order system (34) are de-
rived as

k11 − k31 + k21 − k32 < 0 (40)

k221 + k21(k31 − k32) + k22(k31 − k11)− k11k32 < 0. (41)

B. Parameter Selection

For the overactuated system with three inputs
(u1(t) u2(t) u3(t)) and two outputs (yp1(t) yp2(t)), there are
theoretically countless solutions of (u1(t) u2(t) u3(t)) that are
able to achieve the desired outputs. If one of the three inputs is
predefined, then the input combination of the other two has only
one solution. These combinations with one predefined input are
denoted as (u1 u2), (u1 u3), and (u2 u3), respectively. They are
considered as particular solutions of the general combination
(u1 u2 u3). The controller design explored in this paper
includes three ingredients: 1) the selection of a suitable combi-
nation of control inputs; 2) the proper choice of three feed-
forward variables ri(t) (i = 1, 2, 3); and 3) the determination
of the feedback parameters kij(i = 1, 2, 3 j = 1, 2).

1) Input Combination Selection: Since the traction motor
is the main power source of the vehicle during the mode
transition of interest, u2(t) is not supposed to be zero. There-
fore, the input combination (u1(t) u3(t)) is not used. The
other three combinations are (u1(t) u2(t)), (u2(t) u3(t)), and
(u1(t) u2(t) u3(t)). They reflect different strategies in varying
u1(t) and u3(t).

The engine torque is usually small during the mode transition
under investigation. Note that a small engine torque tends to

fall into a low-efficiency area of the engine operation, as less
usage of u1(t) is helpful for improving engine fuel efficiency.
For the clutch usage, smaller friction torque and shorter friction
duration come with less frictional losses, suggesting that less
usage of u3(t) is beneficial for the driveline efficiency and
clutch lifetime.

The combinations (u1(t) u2(t)) and (u2(t) u3(t)) are special
cases of (u1(t) u2(t) u3(t)), with u3(t) = 0 and u1(t) = 0,
respectively. The former does not produce any frictional loss
but forces the engine to operate at the points corresponding
to low efficiency. The latter avoids low-efficiency operation
of the engine but causes higher clutch frictional loss. A good
tradeoff between the two extreme cases is necessary to achieve
a good balance between high fuel efficiency and low component
wearing.

This paper takes the viewpoint that reducing frictional losses
is more important than achieving high engine efficiency during
mode transitions. One reason is that large friction torque and
long engagement durations may result in substantial frictional
losses [26], which substantially reduces the clutch life span.
The other reason is that the influence of the mode transition on
the engine efficiency for a whole driving cycle is often incon-
sequential, given that most transitions are completed in only a
few seconds and the time spent in transition is a relatively small
fraction of the entire engine operation. Therefore, it is reason-
able to avoid u3(t) and apply the combination of (u1(t) u2(t))
as much as possible from the beginning of the mode transi-
tion and then introduce u3(t) to quickly engage the clutch with
a small friction torque when the relative speed of the two clutch
shafts is below ε, which is a small threshold value chosen by
the designer. The algorithm for the input combination selection
is then expressed as

if abs (ω1(t)− ω2(t)) > ε then

STEP 1 : (u1(t) u2(t)) is selected

else

STEP 2 : (u1(t) u2(t) u3(t)) is selected

end. (42)

2) Feed-Forward Design: From (39), the three feed-forward
variables or the reference inputs r1(t), r2(t), and r3(t) do not

(
ė1(t)
ė2(t)

)
=

(
u1(t)−u3(t)+d1(t)

J1
− um(t)+d1(t)+d2(t)

J1+J2

u2(t)+u3(t)+d2(t)
J2

− um(t)+d1(t)+d2(t)
J1+J2

)

=

(
r1(t)+k11e1(t)+k12e2(t)−(r3(t)+k31e1(t)+k32e2(t))+d1(t)

J1
− r(t)+d1(t)+d2(t)

J1+J2

r2(t)+k21e1(t)+k22e2(t)+r3(t)+k31e1(t)+k32e2(t)+d2(t)
J2

− r(t)+d1(t)+d2(t)
J1+J2

)

=

( k11−k31

J1

k21−k32

J1
k21+k31

J2

k22+k32

J2

)(
e1(t)
e2(t)

)
+

( −1
J1+J2

1
J1

0 −1
J1

− 1
J1+J2

0 1
J2

1
J2

)⎛⎜⎝
r(t)
r1(t)
r2(t)
r3(t)

⎞
⎟⎠+

(
J2

J1·(J1+J2)
− 1

(J1+J2)

− 1
J1+J2

J1

J1·(J1+J2)

)(
d1(t)
d2(t)

)

=A

(
e1(t)
e2(t)

)
+B (r(t), r1(t), r2(t), r3(t), d1(t), d2(t)) (37)
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affect the system stability but will influence the output response
e(t). The main function of the feed-forward regulator is to
reduce or avoid disturbance on the zero-input response, so that
the exogenous term B(r(t), r1(t), r2(t), r3(t), d1(t), d2(t)) in
(37) can reinforce the error convergence. The feed-forward
variables r1(t), r2(t), and r3(t) are therefore subject to the
constraints

−r(t)

J1 + J2
+

r1(t)

J1
− r3(t)

J1
+

J2 · d1(t)
J1 · (J1 + J2)

− d2(t)

J1 + J2
= 0

(43)

−r(t)

J1 + J2
+

r2(t)

J2
+

r3(t)

J2
− d1(t)

J1 + J2
+

J1 · d2(t)
J2 · (J1 + J2)

= 0.

(44)

Eliminating r3(t) and combining the two equations, a con-
straint equation for r1(t) and r2(t) can be derived as

r1(t) + r2(t) = r(t). (45)

One notices that (45) involves only two variables. We now
have one DoF in the design of the feed-forward control. While
infinitely many solutions exist to meet the constraint equations,
we will leverage the extra DoF to adapt and optimize the per-
formance for various vehicle operating scenarios and different
design specifications.

The calculation of two extreme cases r1(t) = 0 and r3(t) =
0 are given here as examples.

When r1(t) = 0, r2(t) and r3(t) are calculated as

r2(t) = r(t) (46)

r3(t) = − J1
J1 + J2

r(t) +
J2

J1 + J2
d1(t)−

J1
J1 + J2

d2(t).

(47)

When r3(t) = 0, r1(t) and r2(t) are calculated as

r1(t) =
J1

J1 + J2
r(t)− J2

J1 + J2
d1(t) +

J1
J1 + J2

d2(t) (48)

r2(t) =
J2

J1 + J2
r(t) +

J2
J1 + J2

d1(t)−
J1

J1 + J2
d2(t). (49)

3) Selection of Feedback Parameters: With six feedback
parameters and two stability conditions (40) and (41), we have
four extra DoFs left that we can explore for better performance
and a simpler algorithm. From (27)–(29) and (31), e2(t) is
found to be independent of u1(t); it is therefore reasonable to
regulate u1(t) using only the feedback from e1(t). Similarly,
e1(t) is independent of u2(t), so u2(t) can use only the feed-
back from e2(t). Hence, parameters k12 and k21 are set to be
zero, reducing two DoFs. The stability conditions (40) and (41)
are then simplified as

C1 = k11 − (k31 + k32) < 0 (50)

C2 = k22(k31 − k11)− k11k32 < 0. (51)

There are still two DoFs in the selection of the four pa-
rameters. One technique for k22 selection is given here to
illustrate what can be achieved by exploring this design space.
Based on the understanding of the underlying physical system
operation, u3(t) changes from zero to nonzero during the HEV
mode transition and can be considered as a disturbance to
state variable xp2(t). Therefore, the state equation (28) can be
rewritten as

J2ẋp2(t) = r2(t) + k21e1(t) + k22e2(t) + u3(t) + d2(t).
(52)

Input u2(t) has two parts: one is the reference input r2(t),
and the other is the feedback regulator k21e1(t) + k22e2(t).
If u3(t) counteracts the second part of u2(t), then xp2(t)
follows the trajectory determined by r2(t), and the disturbance
introduced by u3(t) is mitigated. With k21 being set to zero, a
reference value of k22 is proposed as

k22_r(t) = −u3(t)

e2(t)
. (53)

In addition, the calculation of k22 is an offset of k22_e relative
to k22_r

k22(t) = k22_r(t) + k22_e. (54)

Thus, k22(t) introduces a control variable to the system,
making it a time-varying system and therefore making the
stability criterion (40) and (41) no longer applicable. However,
the selection of k22_e makes k22(t) satisfy the criterion de-
signed for the nonlinear time-varying system [27]. The detailed
derivation is not included in the scope of this paper.

C. Continuity Analysis for u3(t)

Generally speaking, u1(t) and u2(t) can be continuously
actuated throughout the mode transition process of the SPHEV,
whereas u3(t) may be discontinuous due to slip-stick dynamics
when the clutch makes the transition from the slipping phase to
the locked phase. Using the control law proposed in this paper,
a continuous u3(t) is worked out for slip-stick transition. The
continuity is proved in this section.

If u3(t) at the end of the slipping phase approaches the
value of the upcoming stick phase, then a continuous slip-stick
transition is achieved. At the end of the slipping phase, u3(t) is
denoted by u−

3 (t) and is calculated from (34) as

u−
3 (t) = r3(t) + k31e1(t) + k32e2(t). (55)

The clutch friction torque Tc in the locked phase is given
in (15). Let u+

1 (t), u
+
2 (t), and u+

3 (t) denote the control inputs
in the locked phase, respectively. Substitution of (20) into (15)
yields

u+
3 (t) =

J2
J1 + J2

u+
1 (t)−

J1
J1 + J2

u+
2 (t)

+
J2

J1 + J2
d1(t)−

J1
J1 + J2

d2(t). (56)
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Applying the MRC control law in (32) and (33) to (56),
we have

u+
3 (t) =

J2
J1 + J2

(r1(t) + k11e1(t))

− J1
J1 + J2

(r2(t) + k22e2(t))

+
J2

J1 + J2
d1(t)−

J1
J1 + J2

d2(t)

=
J2

J1 + J2
r1(t)−

J1
J1 + J2

r2(t) +
J2

J1 + J2
d1(t)

− J1
J1 + J2

d2(t) +
J2

J1 + J2
k11e1(t)

− J1
J1 + J2

k22e2(t). (57)

Continuity of u3(t) implies u−
3 (t) = u+

3 (t); therefore, if the
following equation is satisfied

r3(t) + k31e1(t) + k32e2(t)

=
J2

J1 + J2
r1(t)−

J1
J1 + J2

r2(t) +
J2

J1 + J2
d1(t)

− J1
J1 + J2

d2(t) +
J2

J1 + J2
k11e1(t)−

J1
J1 + J2

k22e2(t)

(58)

then continuity is assured. Exploring the design freedom in the
control, we divide (58) into two parts and force the equations

r3(t) =
J2

J1 + J2
r1(t)−

J1
J1 + J2

r2(t)

+
J2

J1 + J2
d1(t)−

J1
J1 + J2

d2(t) (59)

k31e1(t) + k32e2(t) =
J2

J1 + J2
k11e1(t)−

J1
J1 + J2

k22e2(t).

(60)

For the first part, the equality in (59) is guaranteed if r1(t)
and r2(t) are selected according to the constraints in (43) and
(44), i.e., we choose r1(t) and r2(t) as

r1(t) = r3(t)−
J2 · d1(t)
J1 + J2

+
J1 · d2(t)
J1 + J2

+
J1 · r(t)
J1 + J2

(61)

r2(t) = − r3(t) +
J2 · d1(t)
J1 + J2

− J1 · d2(t)
(J1 + J2)

+
J2 · r(t)
J1 + J2

. (62)

Substitution of (61) and (62) yields

J2
J1+J2

r1(t)−
J1

J1+J2
r2(t)+

J2
J1+J2

d1(t)−
J1

J1+J2
d2(t)

=
J2

J1+J2

(
r3(t)−

J2 · d1(t)
J1+J2

+
J1 · d2(t)
J1+J2

+
J1 · r(t)
J1+J2

)

− J1
J1 + J2

(
−r3(t)+

J2 · d1(t)
J1+J2

− J1 · d2(t)
(J1+J2)

+
J2 · r(t)
J1+J2

)

+
J2

J1+J2
d1(t)−

J1
J1+J2

d2(t)

= r3(t) (63)

which proves (59).

Equation (60) can be rewritten as

(k31 k32) · e(t) =
(

J2k11
J1 + J2

− J1k22
J1 + J2

)
· e(t). (64)

If e(t) = 0, any k31 and k32 that satisfies the stability con-
ditions are solutions of the aforementioned equation. e(t) = 0
implies that the clutch is synchronized and running at the same
speed with the reference model when the clutch just finishes the
slipping phase and begins the locked phase.

On the other hand, if e(t) �= 0, no suitable solution satisfies
both the continuity and stable conditions. The only solution that
meets the continuity condition is

(k31 k32) =

(
J2k11
J1 + J2

− J1k22
J1 + J2

)
. (65)

Substitution of (65) into (50) and (51) yields

k11 + k22 < 0 (66)

k22

(
J2k11
J1 + J2

− k11

)
+ k11

J1k22
J1 + J2

= 0. (67)

The equality in (67) shows that the system is critical sta-
ble but is not strictly asymptotical stable, as required by the
inequality condition (51). Therefore, this is not a suitable
solution.

In summary, the continuity of u3(t) is achieved under two
conditions: with the feed-forward variables r1(t) and r2(t)
satisfying constraints (43) and (44), and with e(t) = 0 at the
end of the slipping phase.

V. RESULTS AND DISCUSSIONS

Many hybrid bus drivers have observed that, by pressing
the accelerator pedal gradually and then quickly releasing the
clutch pedal during the mode transition from motor-only to
compound driving, the transition time and power interruption is
reduced [15]. This heuristic operating strategy will be referred
to as the conventional operation in this paper, and the results
are used as the baseline for assessing the proposed MRC
performance. This section includes three parts: 1) a simula-
tion study to compare the results of the proposed MRC and
the conventional operation; 2) sensitivity investigation of the
selection of variables and parameters on the mode transition
performance; and 3) experimental validation of the MRC used
in an SPHEV bus.

Simulations are performed first on an SPHEV bus model with
parameters listed in Table I. In addition, the estimated value of
Tf (t) is 20 N · m. To reflect real-world physical constraints, the
change rates of the engine torque and clutch torque are limited
between −100–30 N · m/s and −200–100 N · m/s, respec-
tively, in simulations. Meanwhile, no additional rate limitation
is imposed on the motor torque because of its fast response.

A. Comparison With Conventional Method

To compare the performance of the two mode transition
strategies, we consider the scenario of a typical startup process
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TABLE I
PARAMETERS FOR SIMULATION

of the SPHEV bus. The desired vehicle acceleration is positive.
The results of the proposed MRC and the conventional opera-
tion (abbreviated by Conv.) are shown in Fig. 5.

The mode transition begins when the angular speed of
Shaft B reaches 140.0 rad/s, i.e., the vehicle velocity reaches
12.6 km/h. The initial angular speed of the engine is supposed
to be 50 rad/s, which is reached by a starter. The values of the
control variables and parameters used in algorithm (42) for the
two steps are listed in Table II. Since r1(t) is predefined, r2(t)
and r3(t) are calculated to satisfy (45) and (43), respectively.

The algorithm of the conventional operation is given by

u1(t) = g1 · t, u2(t) = T tm_cmd, u3(t) = g3 · t (68)

in which g1 = 30 and g3 = 500 are chosen for the simulation.
The mode transition duration of the MRC is 3 s longer than

that of the Conv., as shown in Fig. 5(e). However, as shown in
Fig. 5(d), the slipping friction duration of the MRC is 1.30 s
(from 13.27 to 14.55 s), whereas that of the Conv. is 1.368 s
(from 9.36 to 10.79 s), so the former is 0.068 s shorter. Note
that the clutch friction torque of the Conv. is actuated earlier
and with much higher intensity, so it quickly engages the two
clutch shafts. This is the main reason that, in comparison,
the MRC has a longer transition. Nevertheless, fast transition
does not mean short clutch engagement for the SPHEV mode
transition. The MRC reduces slipping time and friction torque,
thereby enhancing performance, as discussed in the succeeding
paragraphs.

Driveline torque interruption, vehicle jerk, and frictional
losses are evaluated for performance assessment. Driveline
torque interruption is quantitatively captured by the vehicle
acceleration. Vehicle jerk is the index for smoothness, which
is measured by the derivative of the vehicle acceleration
[22]. Frictional losses are calculated using the following for-
mula [22]:

ED =

t2∫
t1

abs(ω1 − ω2) · Tc dt. (69)

Fig. 5. Comparison between MRC and conventional operation: simula-
tions. (a) Desired traction torque Ttm_cmd. (b) Traction motor torque Ttm.
(c) Engine torque Te. (d) Clutch torque Tc. (e) Angular speed ω1 and ω2.
(f) Vehicle acceleration. (g) Vehicle jerk. (h) Frictional losses ED .

The vehicle acceleration of the MRC is maintained, whereas
that of the Conv. falls by 1.3 m/s2 at the end of the slipping
phase, as shown in Fig. 5(f). For the Conv., the profile of the
vehicle acceleration is similar to that of the clutch friction
torque, which implies that the clutch torque negatively affects
the vehicle acceleration. Moreover, the motor torque does not
compensate this negative effect, as shown in Fig. 5(c). Thus,
the vehicle acceleration has to fall. However, the MRC avoids
the negative effect in two ways: First, the clutch friction torque
is much smaller, which translates to a smaller negative effect on
the vehicle acceleration; second, the MRC increases the traction
motor torque to compensate the negative effect.

No substantial vehicle jerk occurs, even in the slip-stick
transition, in the MRC-based control simulation. However, a
sudden vehicle jerk of over 20 m/s3 is found in the results from
the Conv., as shown in Fig. 5(g). The reason for the sudden jerk
is that the clutch friction torque sharply changes because of
a slip-stick friction transition at this point. The Conv. quickly
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TABLE II
CONTROL VARIABLES AND PARAMETERS

increases the clutch torque. The torque becomes large at the
end of the slipping phase and is much larger than the torque
in the upcoming locked phase. Thereafter, the friction torque
suddenly changes, and an intensive jerk occurs. For the MRC,
the clutch friction torque in the slipping phase is controlled
to approach the reference model, which has a locked clutch;
moreover, the torque continuity is analyzed and guaranteed in
Section IV-C. Thus, the MRC avoids a sudden change of the
friction torque and the resulting jerk.

The frictional losses resulting from the MRC operation are
only about 112 J, whereas up to 3651 J are lost during con-
ventional operation. The frictional losses are produced in the
slipping phase and are affected by three factors according to
(69): the angular speed difference of the two clutch shafts, the
friction torque, and the slipping duration. From Fig. 5(d) and
(e), all three factors are much less pronounced with MRC than
with the Conv. Therefore, the frictional loss is greatly reduced.

In summary, the MRC simulation shows no torque interrup-
tion, no sudden jerk, and little frictional loss. These results
suggest that an MRC-based system is beneficial for vehicle
running performance and also for energy efficiency and clutch
lifetime span.

B. Sensitivity Analysis

To further understand the design implications of the MRC
strategy, we considered the key factors that influence the mode
transition performance including the following: the three feed-
forward variables r1(t), r2(t), and r3(t); the switch trigger ε
in algorithm (42); the estimation errors of the external distur-
bances T r(t) and Tf (t); and the actuation noise of the engine
torque Te(t) and clutch torque Tc(t). The analysis of effects
due to various factors is performed through simulations.

1) Feed-Forward Selection (r1(t), r2(t), r3(t)): The selec-
tion principles for r1(t), r2(t), and r3(t) allow for one DoF for
the three feed-forward inputs. If any one of the three parameters
is defined, then the other two are determined uniquely based
on the strategy presented in Section IV-B2. Which variable
should be predefined and how to determine its value are relevant
questions for real applications. The physical meanings of r1(t)
and r2(t) are the engine torque and motor torque when e1(t)
and e2(t) are zero. Therefore, r1(t) or r2(t) can be defined

Fig. 6. Effects of r1(t). (a) Traction motor torque Ttm. (b) Engine torque Te.
(c) Clutch torque Tc. (d) Vehicle acceleration. (e) Vehicle jerk. (f) Frictional
losses ED .

according to a torque distribution based on the energy manage-
ment strategy.

One example for predefined r1(t) is given in Fig. 6. Here,
r1(t) is set to be 20, 40, and 80, whereas the other param-
eters are the same as those defined in Table II. The desired
traction torque is the same as in Fig. 5(a). Fig. 6(b) shows
that Te approaches r1(t) after the clutch has been engaged. No
acceleration loss is found in Fig. 6(d), and no sudden jerk in
Fig. 6(f). Fig. 6(f) shows r1(t) = 20 produces 30 J more friction
losses than r1(t) = 80. Nevertheless, the friction losses are
insignificant. Hence, the MRC mode transition control yields
good performance for all three different values of r1(t).

The results for different predefined values of r2(t) are
similar. Therefore, we conclude that the performance of the
proposed MRC is not sensitive to different torque distribution
strategies, which is a significant feature for SPHEV energy
management.

2) Switch Trigger ε: Three different values of the switch
trigger ε (20, 50, and 80 rad/s) are used in simulation to assess
the sensitivity of the performance to this design parameter. A
larger value of ε leads to the use of the clutch torque at an
earlier stage in Fig. 7(a) and (c) to compensate for the motor
torque. The MRC prevents acceleration loss and sudden jerk
for the three different ε as shown in Fig. 7(d) and (e). However,
the frictional losses are greatly affected by ε. ε = 20 produces
only 33 J, whereas ε = 80 produces 3135 J. Small ε implies
less usage of clutch torque, so choosing small ε is helpful for
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Fig. 7. Effects of ε. (a) Traction motor torque Ttm. (b) Engine torque Te.
(c) Clutch torque Tc. (d) Vehicle acceleration. (e) Vehicle jerk. (f) Frictional
losses ED .

reducing frictional losses. Moreover, small ε allows for shorter
times for the clutch slipping control. The authors found that, in
real experiments, it is hard to achieve short time transition with
a small ε, particularly in those vehicles with sensor inaccuracy
and actuator delay. Consequently, small ε in those cases causes
intensive vehicle jerk at the slip-stick transition. Thus, large
ε is usually used in real applications to avoid this problem.
For this reason, most simulations presented in this paper use a
large ε.

3) Effects of External Disturbance Tf (t) and Tr(t): In real
applications, it is hard to accurately measure the external distur-
bance torques Tf (t) and Tr(t). Here, the disturbance on Tr(t)
is calculated using its equivalent torque T r(t). Gaussian white
noises are applied to Tf (t) and T r(t) based on the estimated
value. The noise bandwidth is 30 Hz for Tf (t) and 20 Hz
for T r(t); the noise variance is 6 for Tf (t) and 100 for T r(t).
Thus, the ratio of the noise power to the signal power is 1.63%
for Tf (t) and 1.25% for Tr(t), respectively. To show their
individual impacts, the two noises are separately applied to
the simulations. One simulation uses disturbed Tf (t) and ideal
Tr(t). The other uses ideal Tf (t) and disturbed Tr(t). The
results are given in Fig. 8.

Fig. 8(d)–(f) shows that disturbed Tf (t) does not introduce
acceleration loss or intensive jerk to the vehicle, whereas dis-
turbed Tr(t) introduces apparent vibrations. The reason is that
Tr(t) directly acts on the vehicle, whereas Tf (t) is transmitted
to the vehicle through a clutch. Using the designed algorithm,

Fig. 8. Effects of disturbance noise. (a) Traction motor torque Ttm. (b) Engine
torque Te. (c) Clutch torque Tc. (d) Vehicle acceleration. (e) Vehicle jerk.
(f) Frictional losses ED .

Tf (t) noise is not passed to the vehicle through Tc(t), whereas
noise on Tr(t) has a more straightforward effect on the driveline
dynamics.

4) Effects of Actuation Noise of Te(t) and Tc(t): Engine
torque and clutch torque are subject to uncertainties due to
the physical limitations of their actuation mechanisms. In this
study, Gaussian white noises with bandwidths of 30 and 20 Hz
and variances of 80 and 50 are superimposed on clutch torque
Tc(t) and engine torque Te(t), respectively, resulting in ratios
of noise power to signal power of 41.63% for Tc(t) and 22.74%
for Te(t). These high ratios reflect what we have experienced
in real applications, particularly for small torque operations.
Simulation results of the MRC response with the disturbed
torques are shown in Fig. 9.

Due to the clutch actuation disturbance, the dynamical per-
formance is deteriorated in the clutch-slipping stage. Vibration
occurs in vehicle acceleration, and the maximum vehicle jerk
is up to 6 m/s3. Thus, the mitigation of the disturbance from
clutch actuation is critical to the smooth operation of drivelines.
Nevertheless, the impact occurs only in the slipping stage for
a short duration. After that, the vehicle acceleration becomes
smooth, and the vehicle jerk is small.

The engine torque disturbance has no negative impact in
the clutch-slipping stage because the engine torque is sepa-
rated by the clutch. However, when the clutch is engaged, the
engine torque is transmitted down to the vehicle. Then, the
motor torque Ttm compensates the disturbance. It is shown in
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Fig. 9. Effects of actuation disturbance. (a) Traction motor torque Ttm.
(b) Engine torque Te. (c) Clutch torque Tc. (d) Vehicle acceleration.
(e) Vehicle jerk. (f) Frictional losses ED .

Fig. 9(d)–(f) that the MRC compensates the disturbance from
engine torque very well.

C. Experimental Results

Both the proposed MRC and the Conv. are applied to an
SPHEV bus, and the corresponding experimental results are
shown in Fig. 10. Even though the results do not exactly match
the simulation results, they show the improvement potential of
MRC. The mismatch between the experimental and simulation
can be attributed to two reasons: one due to the inaccuracy of
the model parameters and the other related to discretization and
sampling of the digital controller for the clutch actuator. The ve-
hicle acceleration fluctuation, vehicle jerk, and fractional losses
are about 0.5 m/s2, 5 m/s3, and 1573 J, respectively, for the
MRC results, compared to 4 m/s2, 25 m/s3, and 5000 J for the
Conv. Therefore, the mode transition performance for the MRC
is much better than that of the Conv. It is observed that jerk
appears in the clutch-slipping phase and locked phase, and it is
more intensive for the mode transition with conventional meth-
ods than with MRC. Note that the Conv. rapidly increases the
clutch friction torque in the slipping phase. The fast-increasing
torque acts as a large impulse input to the Shaft B drive-
line with elastic components. Thus, vibration is excited. More-
over, the friction torque suddenly changes due to the slip-stick
transition at the end of the slipping phase, i.e., at the begin-
ning of the locked phase. This change produces another large
impulse input to the vehicle, and the vibration continues into

Fig. 10. Experimental results. (a) Desired traction torque Ttm_cmd.
(b) Traction motor torque Ttm. (c) Engine torque Te. (d) Clutch torque Tc.
(e) Angular speed ω1, ω2. (f) vehicle acceleration. (g) Vehicle jerk. (h) Fric-
tional losses ED .

the locked phase. For the MRC, although no sudden change in
the slip-stick transition is expected in the ideal case, errors due
to discretization and sampling in digital controller, as well as
limitations in clutch actuation, lead to a relative small impulse
input to the driveline, causing a slight jerk.

VI. CONCLUSION

In this paper, a model reference controller has been de-
veloped to coordinate the motor torque, engine torque, and
clutch torque during mode transition for an SPHEV. The MRC
takes the motor-only driving vehicle as the reference model,
and the controller acts on the output errors between the ref-
erence model and vehicle as the feedback signals to achieve
smooth and efficient mode transitions. A dynamic model has
been developed for the MRC design, and model-based analysis
has been performed to derive the stability conditions for the
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closed-loop system. For the overactuated system with three
inputs and two outputs, the guidelines for selecting input
combinations and feed-forward and feedback parameters have
been proposed. Using the proposed control law and parameter
selection method, continuous clutch torques can be achieved.

Several factors that can influence the performance of the
MRC mode transition have been studied through simulations.
The proposed MRC has yielded good performance for different
values of feed-forward variables, which implies that the MRC
is adaptive to different torque distribution strategies. The small
switch trigger parameter ε has been found to have significant
impact on reducing frictional loss. The estimation error of
vehicle load Tr(t) and the noise of clutch actuation torque
Tc(t) introduce apparent vibrations to the vehicle, whereas the
estimation error of engine resistant torque Tf (t) and the noise
of engine output torque Te(t) have no substantial effect on the
vehicle driveline dynamics.

The MRC method is applied to the mode transition of an
SPHEV bus. The simulation and experimental results confirm
that the MRC outperforms the conventional operation method
by reducing torque interruption for the driveline, vehicle jerk,
and frictional losses. The promising results, particularly the
experimental validation, have motivated us to further pursue the
idea of MRC and seek its robust and effective implementation
to other mode transition control problems on other hybrid
vehicle platforms.
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